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Surface responses induced by point load or uniform traction moving steadily with subsonic speed on an anisotropic half-
plane boundary are investigated. It is found that the eﬀects of the material constant on surface displacements are through
matrices L1(v) and S(v)L1(v), while those on surface stress components are through matrices X(v) and C(v). Explicit
expressions for the elements of these four matrices are expressed in terms of elastic stiﬀness for general anisotropic materials.
The special cases of monoclinic materials with symmetry plane at x1 = 0, x2 = 0 and x3 = 0, and the case for orthotropic
materials are all deduced. Results for isotropic material may be recovered from present results. For monoclinic materials
with a plane of symmetry at x3 = 0, two of the elements of matrix X(v) are found to be independent of subsonic speed.
 2008 Elsevier Ltd. All rights reserved.
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1. Introduction
Investigations of the responses of an elastic half-plane solid induced by moving loads on the boundary are
of considerable importance in many branches of applications, e.g., construction of highways or airport run-
ways. Explicit results for surface displacements are also important for formulating mixed boundary value
problems of elasticity, e.g., contact problems. An attempt to solve this problem for the case of a uniform nor-
mal loading moving steadily on the surface with subsonic speed has been made by Sneddon (1952) for isotro-
pic materials. The same problem, but for a vertical point load, has also been studied by Cole and Huth (1958)
for all three speed ranges, namely, subsonic, transonic and supersonic cases. A more general problem of an
inclined point load, i.e., problem for both vertical and horizontal point loads, was given by Eringen and Suh-
ubi (1975). An error in the transonic range given by Cole and Huth (1958) and Eringen and Suhubi (1975) was
corrected by Georgiadis and Barber (1993) and Rahman (2001). For three dimensional elastic half-space iso-
tropic solids, the steady state responses with forces moving on the surface have been treated by Eason (1965),0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.12.021
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Fig. 1. Loads moving steadily over the anisotropic elastic half-plane surface.
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well as a tangential to the half-space loads. However, his analysis is restricted to sub-Rayleigh speed only. On
the other hand, Barber (1996) considered the case of a normal load for all three speed ranges. Based on the
Radon transform, Georgiadis and Lykotraﬁtis (2001) have derived the solutions for both normal and tangen-
tial loads moving at a constant speed over an elastic half-space for all three speed ranges. All the works men-
tioned above are for isotropic materials.
In this paper the surface responses induced by point load f = [f1, f2, f3]
T or uniform load f ¼ ½s; r; s^T (see
Fig. 1) moving steadily with subsonic speed v on an anisotropic half-plane boundary are investigated. With x1
paralleling with the straight boundary and x2 pointing into the medium, surface responses due to these moving
loads are the displacements u = [u1,u2,u3]
T and the stress components t1 = [r11,r12,r13]
T. Surface stress compo-
nent r12 is completely determined by the boundary condition, therefore, only surface stress components r11 and
r13 are of interest in our analyses. As noted byTing (1996), the steady state solution to the subsonic problemof an
anisotropic material may be obtained by the solution of corresponding elastostatic problem by some modiﬁca-
tions. Therefore, with the known Green’s function for the elastostatic problem (Ting, 1996), the steady state
Green’s function for an anisotropic half-plane solid subjected to a point load moving on the surface is ﬁrst con-
structed. Then attention is given to the responses of points on the surface, since surface responses depending on
the material constants may be further exploited. Surface responses induced by uniform load with a ﬁnite length
extended over the surface are also considered. It is found that surface displacements are related tomatricesL1(v)
andS(v)L1(v), while those for surface stress components are related tomatricesX(v) andC(v). The fourmatrices
contain all the information of the eﬀects of material constants on the surface displacements and surface stress
components. Explicit expressions for the elements of these four matrices are expressed in terms of elastic stiﬀness
for general anisotropicmaterials with the results developed byLiou and Sung (2007). The special cases formono-
clinic materials and orthotropic materials are all deduced. Taking special values for the elements of these matri-
ces, the subsonic results for isotropic materials are recovered (Cole and Huth, 1958; Eringen and Suhubi, 1975).
Formonoclinicmaterials with plane of symmetry atx3 = 0, twoof the elements ofmatrixX(v) are independent of
subsonic speed.Theﬁrst isXns, themeaningofwhich is the surface stress componentr11 in the loaded regionwhen
unit uniform load is applied in the horizontal direction. The second is Xvv, the meaning of which is the surface
stress component r13 in the loaded region when unit uniform load is applied in the anti-plane direction. These
phenomena are not expected intuitively.
2. The Stroh formalism
Consider an elastic half-plane solid subjected to loads that move steadily with subsonic speed v > 0 over its
surface (Fig. 1). Let x1, x2, x3 be the Cartesian coordinates moving with the loads. Viewed from this moving
coordinate system, the governing equation for displacement u = [u1,u2,u3]
T for the two-dimensional deforma-
tions isðQ  qv2IÞu;11 þ ðRþ RTÞu;12 þ Tu;22 ¼ 0; ð2:1Þ
where q is the mass density, I is a 3  3 unit real matrix, the superscript T stands for the transpose and
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c11 c16 c15
c16 c66 c56
c15 c56 c55
264
375; R ¼ c16 c12 c14c66 c26 c46
c56 c25 c45
264
375; T ¼ c66 c26 c46c26 c22 c24
c46 c24 c44
264
375: ð2:2ÞHere the contracted notations of the elastic stiﬀness cijks are used to express all the elements of Q, R and T, as
shown above. Note that both Q and T are symmetric and positive deﬁnite. Since only subsonic responses are
considered (Ting, 1996), the general solution to Eq. (2.1) can be expressed as follows:u ¼ 2RefAgðzÞg; ð2:3Þ
whereA ¼ ½a1; a2; a3; ð2:4Þ
gðzÞ ¼ ½g1ðz1Þ; g2ðz2Þ; g3ðz3ÞT; ð2:5Þand zk = x1 + pkx2. Unknown complex number pk and constant vector ak are determined by the eigenrelationUak ¼ 0 ðk ¼ 1; 2; 3Þ; ð2:6Þ
whereU ¼ ½ðQ  qv2IÞ þ pkðRþ RTÞ þ p2kT: ð2:7Þ
Introducing the stress function vector u = [u1,u2,u3]
T, whereu ¼ 2RefBgðzÞg; ð2:8Þ
then the stress components indicated below can be evaluated simply byt1 ¼ ½r11; r12; r13T ¼ u;2 þ qv2u;1; t2 ¼ ½r21; r22; r23T ¼ u;1: ð2:9a; bÞ
Note that the column vectors of matrix B = [b1,b2,b3] appearing in Eq. (2.8) are related to the column vectors
of matrix A = [a1,a2,a3] in the following formbk ¼ ðRT þ pkTÞak ðk ¼ 1; 2; 3Þ: ð2:10Þ
Moreover, matrices A and B deﬁned above satisfy orthogonality relations from which the three real matrices
L(v), S(v) and H(v) may be deﬁned as (Ting, 1996)LðvÞ ¼ 2iBBT; SðvÞ ¼ ið2ABT  IÞ; HðvÞ ¼ 2iAAT; ð2:11Þ
where i2 = 1. Matrices L(v) and H(v) are both symmetric and positive deﬁnite as long as the subsonic
responses of solids are considered (Ting, 1996).
3. Surface responses induced by a moving point load for anisotropic materials
Let us consider surface responses induced by a point load moving steadily on the half-plane boundary of an
anisotropic elastic material (Fig. 1). Here we assume that the load has been applied and moving for a long time
so that a steady state response prevails by an observer moving with the load.
3.1. Surface displacements induced by a moving point load
Since the problem to be analyzed is in steady state, responses may therefore be obtained from correspond-
ing elastostatic results via some modiﬁcations, as noted by Ting (1996). Based on this understanding,
responses of a half-plane anisotropic solid subjected to a moving point load f = [f1, f2, f3]
T with subsonic speed
v on the surface may be constructed as follows (Ting, 1996):u ¼ ½u1; u2; u3T ¼  1p ð‘nrÞI þ Sðh; vÞ
 
L1ðvÞf ; ð3:1Þ
u ¼ ½u1;u2;u3T ¼ Lðh; vÞL1ðvÞf ; ð3:2Þ
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p
Z h
0
N1ðx; vÞdx; Lðh; vÞ ¼ 1p
Z h
0
N3ðx; vÞdx; ð3:3Þ
N1ðx; vÞ ¼ T1ðx; vÞRTðx; vÞ; N3ðx; vÞ ¼ Rðx; vÞT1ðx; vÞRTðx; vÞ Qðx; vÞ; ð3:4Þ
Qðx; vÞ ¼ QðxÞ  qv2 cos2 xI ;
Rðx; vÞ ¼ RðxÞ þ qv2 sinx cosxI ; ð3:5Þ
Tðx; vÞ ¼ TðxÞ  qv2 sin2 xI ;
QikðxÞ ¼ cijksnjns; RikðxÞ ¼ cijksnjms; T ikðxÞ ¼ cijksmjms; ð3:6Þ
n ¼ ½n1; n2; n3T ¼ ½cosx; sinx; 0T; m ¼ ½m1;m2;m3T ¼ ½ sinx; cosx; 0T: ð3:7ÞNoting that x = 0 and v = 0 in Eq. (3.4), the results becomeN1 ¼ T1RT; N3 ¼ RT1RT Q; ð3:8Þ
where N1 = N1(0,0) and N3 = N3(0,0) with no arguments speciﬁed are the sub-matrices deﬁned in matrix N,
known as the fundamental elasticity matrix for elastostatic problems (Ting, 1996). Note that Eq. (3.1) is the
responses of displacement ﬁelds at an arbitrary point inside the anisotropic solid. The displacement ﬁelds are
given analytically in terms of matrices S(h,v) and L1(v) and consist of a logarithmic singular term whose
amplitude is determined by matrix L1(v) and a constant term whose amplitude is determined by matrix
S(h,v)L1(v). Since explicit expression of matrix S(h,v) is not available for any h and v, there is, to date, no
further investigations of how displacement ﬁelds inside the anisotropic solid depending on the material con-
stants is pursued. However, when attention is given to the surface points, the responses for the surface points
may be further exploited. For example, by letting x2 = 0 (h = 0 or p) in Eq. (3.1) the surface displacements
may be obtained as follows:u ¼ ½u1; u2; u3T ¼ 1p ‘njx1jL
1ðvÞ  Hðx1ÞSðvÞL1ðvÞ
 
f ; ð3:9Þwhere H(x1) is the Heaviside function. Eq. (3.9) shows that amplitude of the logarithmic singular term of the
surface displacements is still determined by matrix L1(v), while the constant term of the surface displacements
is now determined by matrix S(v)L1(v). Both matrices are able to be expressed in terms of material constants
since matrices S(v) and L(v) both have been expressed in terms of elastic stiﬀness for general anisotropic mate-
rials (Liou and Sung, 2007). Therefore, with their results, the dependence of the surface response on the mate-
rial constants may be further exploited, which is the main theme of the present analyses. Before discussing this
main topic, we remind that constant term in Eq. (3.9) is not uniquely determined, since any rigid body dis-
placement may be added. Reminded also is that the constant term speciﬁed in Eq. (3.9) cannot be assigned
freely, since it is not a rigid body displacement. Now consider the structures of matrices L1(v) and S(v)L1(v).
For general anisotropic materials, L1(v) and S(v)L1(v) will take, respectively, the following form (Liou and
Sung, 2007)L1ðvÞ ¼
Y 11ðvÞ Y 12ðvÞ Y 13ðvÞ
Y 12ðvÞ Y 22ðvÞ Y 23ðvÞ
Y 13ðvÞ Y 23ðvÞ Y 33ðvÞ
264
375; SðvÞL1ðvÞ ¼ 0 bY 12ðvÞ bY 13ðvÞbY 12ðvÞ 0 bY 23ðvÞbY 13ðvÞ bY 23ðvÞ 0
264
375; ð3:10Þwhere L1(v) is a real symmetric and full matrix, and S(v)L1(v) is a real anti-symmetricmatrix. The full matrix
of L1(v) is the consequence of the coupling properties of anisotropic materials, implying that logarithmic dis-
placements distributed on the anisotropic surface always exist simultaneously in all three perpendicular direc-
tions, even though the moving load acts in only one particular direction. The implication of the symmetric
property of L1(v) may be understood easily by the Betti’s reciprocal theorem. The anti-symmetric property
of S(v)L1(v) indicates that all the diagonal terms vanish. This implies that no constant term exists in the load-
ing direction. The implications of the oﬀ-diagonal terms of S(v)L1(v) may also be explained by Betti’s reci-
procal theorem if a constant displacement is added to adjust the symmetry. Explicit expressions for the
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general anisotropic materials and will not be given here repeatedly. We will instead in the following present
explicit results for L1(v) and S(v)L1(v) for some special anisotropic materials whose material’s principal axes
are aligned with the coordinate systems.3.1.1. Monoclinic materials with the symmetry plane at x1 = 0
With the elastic stiﬀness c15 = c16 = c25 = c26 = c45 = c46 = 0 being considered for monoclinic materials
with the symmetry plane at x1 = 0, it can be shown that Y 12ðvÞ ¼ Y 13ðvÞ ¼ bY 23ðvÞ ¼ 0. Therefore, Eq. (3.10)
is simpliﬁed toL1ðvÞ ¼
Y 11ðvÞ 0 0
0 Y 22ðvÞ Y 23ðvÞ
0 Y 23ðvÞ Y 33ðvÞ
264
375; SðvÞL1ðvÞ ¼ 0 bY 12ðvÞ bY 13ðvÞbY 12ðvÞ 0 0bY 13ðvÞ 0 0
264
375; ð3:11Þwhere explicit expressions of non-zero elements for L1(v) and S(v)L1(v) are listed in Appendix A. The mean-
ings of the special structures of L1(v) and S(v)L1(v) shown above may be phrased as follows:
The non-zero elements of L1(v) show that, due to the special alignments of this anisotropic material, no
coupling is observed between the horizontal and the other two directions. For example, if horizontal moving
point load (f = [f1,0,0]
T) is acting, no logarithmic distributions of vertical and anti-plane displacements occur
on the surface (Y21(v) = Y31(v) = 0). Similarly, when either vertical point load (f = [0, f2,0]
T) or anti-plane
moving point load (f = [0,0, f3]
T) is acting, no logarithmic distribution of horizontal displacement occurs on
the surface (Y12(v) = Y13(v) = 0). The zero element of SðvÞL1ðvÞ ði:e:; bY 32ðvÞ ¼ 0Þ shows that, due to the spe-
cial alignments of this anisotropic material, no constant term exists in the anti-plane direction when a vertical
moving point load is acting, and vice versa.3.1.2. Monoclinic materials with the symmetry plane at x2 = 0
With the elastic stiﬀness c14 = c16 = c24 = c26 = c45 = c56 = 0 being considered for monoclinic materials
with the symmetry plane at x2 = 0, it can be shown that Y 12ðvÞ ¼ Y 23ðvÞ ¼ bY 13ðvÞ ¼ 0. ThereforeL1ðvÞ ¼
Y 11ðvÞ 0 Y 13ðvÞ
0 Y 22ðvÞ 0
Y 13ðvÞ 0 Y 33ðvÞ
264
375; SðvÞL1ðvÞ ¼ 0 bY 12ðvÞ 0bY 12ðvÞ 0 bY 23ðvÞ
0 bY 23ðvÞ 0
264
375; ð3:12Þ
where explicit expressions of the non-zero elements for L1(v) and S(v)L1(v) are listed in Appendix A. The
meaning of the special structures of L1(v) and S(v)L1(v) shown above may be phrased as follows:
The non-zero elements of L1(v) show that, due to the special alignments of this anisotropic material, no
coupling is observed between the vertical and the other two directions. For example, when vertical moving
point load is acting, no logarithmic distribution of horizontal and anti-plane displacements occurs on the sur-
face (Y12(v) = Y32(v) = 0). Similarly, when either horizontal point load or anti-plane moving point load is act-
ing, no logarithmic distribution of the vertical displacement occurs on the surface (Y21(v) = Y23(v) = 0). The
zero element of SðvÞL1ðvÞ ði:e:; bY 31ðvÞ ¼ 0Þ shows that, due to the special alignments of this anisotropic
material, no constant term exists in the anti-plane direction when a horizontal moving point load is acting,
and vice versa.3.1.3. Monoclinic materials with the symmetry plane at x3 = 0
With the elastic stiﬀness c14 = c15 = c24 = c25 = c46 = c56 = 0 being considered for monoclinic materials
with the symmetry plane at x3 = 0, it can be shown that Y 13ðvÞ ¼ Y 23ðvÞ ¼ bY 13ðvÞ ¼ bY 23ðvÞ ¼ 0 so thatL1ðvÞ ¼
Y 11ðvÞ Y 12ðvÞ 0
Y 12ðvÞ Y 22ðvÞ 0
0 0 Y 33ðvÞ
264
375; SðvÞL1ðvÞ ¼ 0 bY 12ðvÞ 0bY 12ðvÞ 0 0
0 0 0
264
375; ð3:13Þ
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meaning of the special structures of L1(v) and S(v)L1(v) shown above may be phrased as follows.
The non-zero elements of L1(v) show that, due to the special alignments of this anisotropic material, no
coupling is observed between the anti-plane and the other two directions. For example, when an anti-plane
moving point load is acting, no logarithmic distribution of horizontal and vertical displacements occurs
(Y13(v) = Y23(v) = 0) on the surface. Similarly, when either a horizontal point load or vertical moving point
load is acting, no logarithmic distribution of the anti-plane displacement occurs on the surface
(Y31(v) = Y32(v) = 0). The zero elements of SðvÞL1ðvÞðbY 31ðvÞ ¼ bY 32ðvÞ ¼ 0Þ show that, due to the special
alignments of this anisotropic materials, no constant term exists in the anti-plane direction when a horizontal
or vertical moving point load is acting, and vice versa.
3.1.4. Orthotropic materials
For orthotropic materials, the elastic stiﬀness can be obtained from monoclinic materials with symmetry
plane at x3 = 0 by further letting c16 = c26 = c45 = 0 which leads toL1ðvÞ ¼
Y 11ðvÞ 0 0
0 Y 22ðvÞ 0
0 0 Y 33ðvÞ
264
375; SðvÞL1ðvÞ ¼ 0 bY 12ðvÞ 0bY 12ðvÞ 0 0
0 0 0
264
375; ð3:14ÞwhereY 11ðvÞ ¼
ðc66c22Þ1=2 ðc11c22Þ1=2 þ ðc66c66Þ1=2
h i2
ðc12 þ c66Þ2
 1=2
ðc66c66Þ1=2ðc11c22  c212Þ  qv2c66ðc11c22Þ1=2
;
Y 22ðvÞ ¼
ðc11c66Þ1=2 ðc11c22Þ1=2 þ ðc66c66Þ1=2
h i2
ðc12 þ c66Þ2
 1=2
ðc66c66Þ1=2ðc11c22  c212Þ  qv2c66ðc11c22Þ1=2
; ð3:15Þ
Y 33ðvÞ ¼ ðc44c55Þ1=2; bY 12ðvÞ ¼ c66ðc11c22Þ1=2  c12ðc66c66Þ1=2ðc66c66Þ1=2ðc11c22  c212Þ  qv2c66ðc11c22Þ1=2 ;
and caa ¼ caa  qv2; ða ¼ 1; 5; 6Þ. The meaning of the special structures of L1(v) and S(v)L1(v) shown above
may be phrased as follows.
The non-zero elements of L1(v) show that, due to the special alignments of this anisotropic material, no
coupling is observed between any of the three perpendicular directions. For example, when vertical point load
(f = [0, f2,0]
T) is acting, then only logarithmic distribution of vertical displacements occurs on the surface
(Y22(v) 6¼ 0), and no logarithmic distributions of horizontal and anti-plane displacements occur on the surface
(Y12(v) = Y32(v) = 0). The non-zero element of SðvÞL1ðvÞðbY 12ðvÞ 6¼ 0Þ shows that due to the special align-
ments of this anisotropic material, the constant term exists only in the horizontal direction when a vertical
moving point load is acting, and vice versa.
3.1.5. Isotropic materials
Now let us consider the well-known results for isotropic materials. First note that the structures of L1(v)
and S(v)L1(v) expressed for orthotropic materials remain valid for isotropic materials. Therefore, no cou-
pling of logarithmic displacement responses is observed between any of the three perpendicular directions,
as it should be for isotropic materials. By substituting the following special values of elastic stiﬀnessc11 ¼ c22 ¼ kþ 2l; c12 ¼ k; c44 ¼ c55 ¼ c66 ¼ l; ð3:16Þ
andc11 ¼ ðkþ 2lÞ  qv2; c55 ¼ c66 ¼ l qv2; ð3:17Þ
where k and l are Lame’s constants into the results for orthotropic material, the results for isotropic materials
are obtained. With some algebraic manipulations, Eq. (3.15) may be rewritten as
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 
bT ð1 b2T Þ
½ð1þ b2T Þ2  4bTbL
; Y 22ðvÞ ¼ 1l
 
bLð1 b2T Þ
ð1þ b2T Þ2  4bTbL
; ð3:18Þ
bY 12ðvÞ ¼ 1l
  ð1þ b2T  2bTbLÞ
ð1þ b2T Þ2  4bTbL
; Y 33ðvÞ ¼ 1lbT
;whereb2T ¼ 1
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl=qÞp
 !224 35; b2L ¼ 1 vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qp
 !224 35: ð3:19ÞNote that the responses of a half-plane isotropic solid induced by vertical point load have been treated by Cole
and Huth (1958). Responses to the more general problem of an inclined point load are given by Eringen and
Suhubi (1975). It can be veriﬁed that our surface displacements corresponding to the vertical point load and
horizontal point load recover those obtained by Cole and Huth (1958) and Eringen and Suhubi (1975), respec-
tively, for the case of subsonic speed. Note that the results for elastostatic isotropic problems may be obtained
by setting v = 0 directly in Eq. (3.15), if the appropriate isotropic material’s constants are substituted in. How-
ever, if the results given in Eq. (3.18) are adopted, a limiting process is needed in order to obtain the corre-
sponding results for elastostatic isotropic problems.
3.2. Surface stress components induced by a moving point load
The responses of stress components t2(x1,x2) inside the half-plane solid may be computed simply by diﬀer-
entiation of the stress function via Eq. (3.2), i.e.,t2ðx1; x2Þ ¼ u;1 ¼
1
p
sin h
r
N3ðh; vÞL1ðvÞf ; ð3:20Þwhere r ¼ ðx21 þ x22Þ1=2. As to traction t1(x1,x2), it would be more expedient to employ the following relation-
ship (Ting, 1996)t1 ¼ N3u;1 NT1 t2; ð3:21Þ
which originally developed for elastostatics is still valid for steady state problems. The validation of this fact is
shown in Appendix B. Therefore, by substituting Eqs. (3.1) and (3.20) into Eq. (3.21), we havet1ðx1; x2Þ ¼ 1p
cos h
r
CðvÞ  sin h
r
ðN3N1ðh; vÞ NT1N3ðh; vÞÞL1ðvÞ
 
f ; ð3:22ÞwhereCðvÞ ¼ N3L1ðvÞ: ð3:23Þ
Now the responses of the stress components on the surface may be obtained by Eq. (3.22) by letting x2 = 0 (or
letting h = 0 or h = p). The results aret1ðx1; 0Þ ¼ 1px1 CðvÞf ; ð3:24Þwhich show that the amplitudes of stress components on the surface are completely determined by matrix C(v)
which is deﬁned in Eq. (3.23). For general anisotropic material, the explicit structure of C(v) isCðvÞ ¼ N3L1ðvÞ ¼
CnsðvÞ CnnðvÞ CnvðvÞ
0 0 0
CvsðvÞ CvnðvÞ CvvðvÞ
264
375; ð3:25Þwhich possesses the same form as that discussed by Liou and Sung (2008) for elastostatic problems. The iden-
tical zeros of the second row of C(v) are due to the satisfaction of boundary conditions speciﬁed for r12. Note
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Liou and Sung (2008). For instance, the ﬁrst subscript n of Cns(v) denotes that the stress component induced
on the surface is r11, while the second subscript s of Cns(v) denotes that the type of loading applied on the
surface is the in-plane shear loading. Note also that explicit expressions of elements of C(v) expressed in terms
of elastic stiﬀness for general anisotropic materials, although not shown here, may be constructed easily by
matrix operations, since expressions for N3 and L
1(v) are both known explicitly. Elements of the matrix
C(v) are completely determined, besides the subsonic speed, by the material constants. Therefore materials
with a certain symmetry plane assumed, the elements of C(v) will take diﬀerent values. Similar to discussions
for the surface displacement responses, we will present in the following the expressions of C(v) for monoclinic
materials with symmetry plane at x1 = 0, x2 = 0 and x3 = 0, respectively, and then for orthotropic materials.
Note that the meanings of the elements for speciﬁc anisotropic material are similar to those made for elasto-
statics (Liou and Sung, 2008), therefore the following discussions are focused on the meanings of the elements
of C(v) induced by the vertical moving point load (f = [0, f2,0]
T) only. The meaning of other elements of C(v)
induced by horizontal and anti-plane moving point load may be discussed in a similar way, and will not be
further addressed in the following.
3.2.1. Monoclinic materials with symmetry plane at x1 = 0
For monoclinic materials with symmetry plane at x1 = 0, it can be shown that matrix C(v) becomesCðvÞ ¼ N3L1ðvÞ ¼
CnsðvÞ 0 0
0 0 0
0 CvnðvÞ CvvðvÞ
264
375; ð3:26ÞwhereCnsðvÞ ¼ Y 11ðvÞðc11c
2
24 þ c22c214 þ c44c212  2c12c24c14  c11c22c44Þ
c22c44  c224
; ð3:27Þ
CvnðvÞ ¼ Y 23ðvÞðc256  c55c66Þ=c66; CvvðvÞ ¼ Y 33ðvÞðc256  c55c66Þ=c66:The meaning of the elements of the second column of C(v) may now be phrased as:
For a moving vertical point load, since Cnn(v) = 0, therefore no r11 exists on the surface for monoclinic
materials with symmetry plane at x1 = 0, but since Cvn(v) 6¼ 0 an anti-plane stress component r13 is induced
on the surface due to coupling eﬀects.
3.2.2. Monoclinic materials with symmetry plane at x2 = 0
For monoclinic materials with symmetry plane at x2 = 0, matrix C(v) isCðvÞ ¼ N3L1ðvÞ ¼
CnsðvÞ 0 CnvðvÞ
0 0 0
CvsðvÞ 0 CvvðvÞ
264
375; ð3:28ÞwhereCnsðvÞ ¼ ½Y 13ðvÞðc12c25  c15c22Þ  Y 11ðvÞðc11c22  c212Þ=c22;
CnvðvÞ ¼ ½Y 33ðvÞðc12c25  c15c22Þ  Y 13ðvÞðc11c22  c212Þ=c22; ð3:29Þ
CvsðvÞ ¼ ½Y 11ðvÞðc12c25  c15c22Þ  Y 13ðvÞðc22c55  c225Þ=c22;
CvvðvÞ ¼ ½Y 13ðvÞðc12c25  c15c22Þ  Y 33ðvÞðc22c55  c225Þ=c22:The meaning of the elements of the second column of C(v) may be phrased as:
For a moving vertical point load, since Cnn(v) = 0 and Cvn(v) = 0, no stress components r11 and r13 exist at
all on the surface for monoclinic materials with symmetry plane at x2 = 0.
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For monoclinic materials with symmetry plane at x3 = 0, matrix C(v) becomesCðvÞ ¼ N3L1ðvÞ ¼
CnsðvÞ CnnðvÞ 0
0 0 0
0 0 CvvðvÞ
264
375; ð3:30ÞwhereCnsðvÞ ¼ Y 11ðvÞðc11c
2
26 þ c22c216 þ c66c212  2c16c26c12  c11c22c66Þ
c22c66  c226
;
CnnðvÞ ¼ Y 12ðvÞðc11c
2
26 þ c22c216 þ c66c212  2c16c26c12  c11c22c66Þ
c22c66  c226
; ð3:31Þ
CvvðvÞ ¼ Y 33ðvÞðc245  c44c55Þ=c44:
The meaning of the elements of the second column of C(v) shown above may be phrased as:
For monoclinic materials with symmetry plane at x3 = 0, a stress component r11 is induced by moving ver-
tical loads since Cnn(v) 6¼ 0, however, no anti-plane shear stress will be induced since anti-plane deformation is
decoupled from in-plane deformation for monoclinic materials with symmetry plane at x3 = 0.
3.2.4. Orthotropic materials
For orthotropic materials, matrix C(v) can be further simpliﬁed toCðvÞ ¼ N3L1ðvÞ ¼
CnsðvÞ 0 0
0 0 0
0 0 CvvðvÞ
264
375; ð3:32ÞwhereCnsðvÞ ¼ Y 11ðvÞ c11c22  c
2
12
c22
 
; CvvðvÞ ¼ Y 33ðvÞc55 ¼ c55ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c55
p : ð3:33ÞThe meaning of the elements of the second column of C(v) shown above may be phrased as:
For orthotropic materials, similar to the behavior for monoclinic materials with the symmetry plane at
x2 = 0, both Cnn (v) = 0 and Cvn(v) = 0, implying that for a moving vertical load no stress components will
be induced on the surface for orthotropic materials.
3.2.5. Isotropic materials
The matrix C(v) for isotropic materials takes the same form as that for orthotropic materials. Therefore by
substituting elastic stiﬀness c44 = c55 = c66 = l, c11 = c22 = k + 2l, c12 = k, into the results for orthotropic
materials, expressions of elements of C(v) corresponding to isotropic materials may be obtained. With some
algebraic manipulations, the elements of C(v) shown in Eq. (3.33) may be further rewritten asCnsðvÞ ¼ 4bT ðb
2
L  b2T Þ
½ð1þ b2T Þ2  4bTbL
; CvvðvÞ ¼ 1bT
: ð3:34ÞBy letting v = 0 in Cvv(v) and by taking the limiting process for Cns(v) as v? 0, the matrix C(v) for static case
becomesC ¼
Cns 0 0
0 0 0
0 0 Cvv
264
375 ¼ 2 0 00 0 0
0 0 1
264
375; ð3:35Þwhich recovers the results for elastostatic problems (Liou and Sung, 2008). It should be noted again that no
limiting process is needed if Eq. (3.33) is used to evaluate the value of the element Cns for isotropic materials.
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In this section, we will present the surface responses induced by the moving uniform traction over the aniso-
tropic elastic half-plane boundary. Subsonic results are again obtained analytically. With the point load results
in Eqs. (3.1) and (3.2), the responses induced by ﬁnite extended uniform traction over the half-plane boundary
may be evaluated in principle by integration, with f in Eqs. (3.1) and (3.2) replaced by f dx ¼ ½s;r; s^T dx where
f ¼ ½s; r; s^T is now the intensity of the uniform tractions.
4.1. Surface displacements induced by moving uniform traction
The surface displacements induced by uniform moving traction may be obtained by integrating directly the
results for the surface response due to point load (see Eq. (3.9)). By doing so, we will have for jx1j > auðx1; 0Þ ¼  1p x1‘n
x1 þ a
x1  a
 
þ a‘nðx21  a2Þ  2a
 
L1ðvÞf þ sgnðx1ÞSðvÞL1ðvÞf ð4:1Þand for jx1j < auðx1; 0Þ ¼  1p x1‘n
x1 þ a
a x1
 
þ a‘nða2  x21Þ  2a
 
L1ðvÞf þ x1SðvÞL1ðvÞf : ð4:2ÞIt is observed that under uniform moving traction the amplitudes of surface displacement are still determined
by matrices L1(v) and S(v)L1(v). Since the meaning of the matrices L1(v) and S(v)L1(v) have been elab-
orated in the previous section, we will not repeat these discussions here. One remark to be mentioned is that
results for isotropic materials induced by moving uniform traction may be obtained from Eqs. (4.1) and (4.2)
with elastic stiﬀness for isotropic materials being substituted for the matrices L1(v) and S(v)L1(v). With this
steady state results for isotropic materials, the classic elastostatic isotropic results (apart from a rigid body dis-
placement) may be recovered by noting that matrices L1(v) and S(v)L1(v) will take the following formsL1 ¼
kþ2l
2lðkþlÞ 0 0
0 kþ2l
2lðkþlÞ 0
0 0 1l
2664
3775; SL1 ¼
0 1
2ðkþlÞ 0
1
2ðkþlÞ 0 0
0 0 0
264
375; ð4:3Þrespectively, when v = 0 for isotropic materials.
4.2. Surface stress components induced by moving uniform traction
Since surface responses of stress components on the boundary are the traction t1(x1,x2) evaluated at x2 = 0,
only response t1(x1,x2) needs to be calculated. By integrating the responses of t1(x1,x2) induced by a moving
point load (see Eq. (3.22)) over the uniform loaded region, one arrives at the following results for traction
t1 = [r11, r12, r13]
T at any point inside the medium ast1ðx1; x2Þ ¼ 1p ‘n
r2
r1
 
N3L
1ðvÞf  fN3½Sðh2; vÞ  Sðh1; vÞ NT1 ½Lðh2; vÞ  Lðh1; vÞgL1ðvÞf ; ð4:4Þwherer1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1 þ aÞ2 þ x22
q
; r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  aÞ2 þ x22
q
; ð4:5Þ
h1 ¼ tan1 x2x1 þ a
 
; h2 ¼ tan1 x2x1  a
 
:Now by letting x2 = 0 in Eq. (4.4), the stress components on the straight boundary are obtained. The results
obtained are discontinuous at the ends of the loading, i.e., for the region outside the loading part, i.e., for
jx1j > a the stress components are
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jx1  aj
jx1 þ aj
 
CðvÞf ; ð4:6Þwhere C(v) = N3L
1(v) and for the loading area, i.e., for jx1j < a, the stress components aret1ðx1; 0Þ ¼ ½r11; r12; r13T ¼ 1p ‘n
a x1
aþ x1
 
CðvÞf XðvÞf ; ð4:7ÞwhereXðvÞ ¼ N3SðvÞL1ðvÞ NT1 : ð4:8Þ
Eqs. (4.6) and (4.7), taking exactly the same forms as those for anisotropic elastostatic problems (Liou
and Sung, 2007), show that on the unloaded region (Eq. (4.6)), a logarithmic term for the stress compo-
nents exists and in the loaded region, in addition to a logarithmic term, an extra constant term exists for
stress components, as shown in Eq. (4.7). The amplitude of the logarithmic term is related to matrix
C(v), elements of which having been discussed in the previous section for speciﬁc anisotropic materials
will not be further addressed here. The constant term, existing only in the loaded region, is related to
the matrix X(v) as deﬁned in Eq. (4.8). The meaning of the elements of matrix X(v) will now be dis-
cussed below. It can be shown that for general anisotropic materials the structure of the matrix X(v)
takes the following formXðvÞ ¼ ðN3SðvÞL1ðvÞ NT1 Þ ¼
XnsðvÞ XnnðvÞ XnvðvÞ
1 0 0
XvsðvÞ XvnðvÞ XvvðvÞ
264
375; ð4:9Þwhere special values taken for the elements of the second row are due to boundary conditions speciﬁed in
the loaded region for r12. Explicit expressions for the elements of the ﬁrst and third rows of matrix X(v)
for general anisotropic materials may be constructed since all matrices N3, N
T
1 and S(v)L
1(v) expressed in
terms of elastic stiﬀness are known. In the following, we will present explicit expressions for the elements
of X(v) only for materials with certain symmetry planes assumed and the meaning of the elements will be
phrased in words.
4.2.1. Monoclinic materials with symmetry plane at x1 = 0
For monoclinic materials with symmetry plane at x1 = 0, the structure of matrix X(v) isXðvÞ ¼ ðN3SðvÞL1ðvÞ NT1 Þ ¼
0 XnnðvÞ XnvðvÞ
1 0 0
XvsðvÞ 0 0
264
375; ð4:10ÞwhereXnnðvÞ ¼
bY 12ðvÞð2c12c24c14 þ c11c22c44  c11c224  c22c214  c44c212Þ þ ðc12c44  c14c24Þ
ðc22c44  c224Þ
;
XnvðvÞ ¼
bY 13ðvÞð2c12c24c14 þ c11c22c44  c11c224  c22c214  c44c212Þ þ ðc22c14  c12c24Þ
ðc22c44  c224Þ
;
XvsðvÞ ¼ ½bY 13ðvÞðc256  c55c66Þ þ c56=c66: ð4:11Þ
According to the structure of X(v) presented above, the following observations may be made:
For monoclinic materials with symmetry plane at x1 = 0, no constant term r11 exists in the loaded region
when a horizontal moving load (f = [s, 0,0]T) is acting (Xns(v) = 0), but the constant term r11 does exist in the
loaded region when either a vertical (f = [0,r, 0]T) or anti-plane ðf ¼ ½0; 0; s^TÞ moving load is acting
(Xnn(v) 6¼ 0,Xnv(v) 6¼ 0). The constant term for r13 will be produced by a horizontal moving load (Xvs(v) 6¼ 0),
however, neither a vertical nor an anti-plane moving load can give rise to constant term for
r13(Xvn(v) = Xvv(v) = 0).
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For monoclinic materials with symmetry plane at x2 = 0, it can be shown that structure of matrix X(v) isXðvÞ ¼ ðN3SðvÞL1ðvÞ NT1 Þ ¼
0 XnnðvÞ 0
1 0 0
0 XvnðvÞ 0
264
375; ð4:12ÞwhereXnnðvÞ ¼ ½bY 23ðvÞðc12c25  c15c22Þ þ bY 12ðvÞðc11c22  c212Þ þ c12=c22; ð4:13Þ
XvnðvÞ ¼ ½bY 12ðvÞðc15c22  c12c25Þ  bY 23ðvÞðc22c55  c225Þ þ c25=c22:According to the structure of X(v) presented above, the following observations may be made:
For monoclinic materials with symmetry plane at x2 = 0, a vertical moving load can give rise to constant
terms for r11 and r13 in the loaded region (Xnn(v) 6¼ 0,Xvn(v) 6¼ 0), however, no such terms are found in the
loaded region when either the horizontal or anti-plane moving load is acting
(Xns(v) = Xvs(v) = Xnv(v) = Xvv(v) = 0).4.2.3. Monoclinic materials with symmetry plane at x3 = 0
The structure of matrix X(v) for monoclinic materials with symmetry plane at x3 = 0 isXðvÞ ¼ ðN3SðvÞL1ðvÞ NT1 Þ ¼
Xns XnnðvÞ 0
1 0 0
0 0 Xvv
264
375; ð4:14ÞwhereXns ¼ c16c22  c26c12c22c66  c226
; Xvv ¼ c45c44 ; ð4:15Þ
XnnðvÞ ¼
bY 12ðvÞð2c16c26c12 þ c11c22c66  c11c226  c22c216  c66c212Þ þ ðc12c66  c16c26Þ
ðc22c66  c226Þ
:According to the structure of X(v) presented above, the following observations may be made:
For monoclinic materials with symmetry plane at x3 = 0, constant term r11 exists in the loaded region
when either a horizontal or vertical moving load is acting (Xns 6¼ 0,Xnn(v) 6¼ 0), however, no such term
exists when an anti-plane moving load is acting (Xnv(v) = 0). A constant term for r13 in the loaded
region will be produced only by an anti-plane moving load (Xvv 6¼ 0), however, such a term cannot sur-
vive when a vertical or horizontal moving load is acting (Xvs(v) = Xvn(v) = 0). These observations conﬁrm
that in-plane and anti-plane deformations are totally decoupled for monoclinic materials with symmetry
plane at x3 = 0.
It should be emphasized that elements Xns and Xvv expressed above are both independent of subsonic speed,
which is an unexpected result. The speed-free element Xns implies that the constant term for r11, existing in the
loaded region, remains constant, independent of what magnitude of subsonic speed of the horizontal moving
uniform load will take. Similarly, the speed-free element Xvv implies that the constant term for r13, existing in
the loaded region, remains constant, independent of what magnitude of the subsonic speed of the anti-plane
moving uniform load will take.4.2.4. Orthotropic materials
The explicit structure of X(v) for orthotropic materials may be obtained as follows:XðvÞ ¼ ðN3SðvÞL1ðvÞ NT1 Þ ¼
0 XnnðvÞ 0
1 0 0
0 0 0
264
375; ð4:16Þ
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symmeXnnðvÞ ¼
bY 12ðvÞðc11c22  c212Þ þ c12
c22
; ð4:17Þ
bY 12ðvÞ ¼ c66ðc11c22Þ1=2  c12ðc66c66Þ1=2ðc66c66Þ1=2ðc11c22  c212Þ  qv2c66ðc11c22Þ1=2 :
According to the structure of X(v) presented above, the following observations may be made:
For orthotropic materials, the constant term r11 will be induced in the loaded region only when a vertical
moving load is acting (Xnn(v) 6¼ 0), in other words, constant term r11 cannot survive when a horizontal or anti-
plane moving load is acting (Xns(v) = 0,Xnv(v) = 0). A constant term for r13 in the loaded region will never be
produced for any direction of the moving load applied on the surface (Xvn (v) = Xvs(v) = Xvv(v) = 0).
4.2.5. Isotropic materials
Now let us consider the constant terms induced by moving uniform loads for isotropic materials. First note
that the structure of X(v) expressed for orthotropic materials remains the same for isotropic materials. There-
fore, the phenomena discussed for orthotropic materials are still valid for isotropic materials. For complete-
ness, the observations for isotropic materials are phrased as follows.
For isotropic materials, constant term r11 will be induced in the loaded region only when a vertical moving
load is acting, in other words, no constant term r11 exists in the loaded region when a horizontal or anti-plane
moving load is acting. A constant term for r13 will never be produced for any direction of the moving uniform
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2750 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 2737–2757Note that the value of the non-zero element Xnn(v) in matrix X(v) for isotropic materials is diﬀerent from
that for orthotropic materials. This value may be obtained by substituting the appropriate elastic stiﬀness for
isotropic materials into the results for the orthotropic material. The result isFig. 3.
symmeXnnðvÞ ¼ 2ð1þ b
2
T Þðb2T  b2LÞ
½ð1þ b2T Þ2  4bTbL
 1: ð4:18ÞNote that matrix X(v) becomesXð0Þ ¼
0 1 0
1 0 0
0 0 0
264
375 ð4:19Þwhen v = 0, which recovers the result for elastostatic isotropic materials (Liou and Sung, 2008). Note ﬁnally
that the value of Xnn = 1 for the elastostatic problem may be obtained either from Eq. (4.18) by taking the
limit as v? 0 or from Eq. (4.17) by directly putting v = 0 with appropriate elastic constants for isotropic
materials being used.
5. Discussion
In previous sections, expressions are given explicitly for matrices L1(v) and S(v)L1(v) when surface
displacements are concerned, and for matrices X(v) and C(v) when surface stress components are con-
cerned. These four matrices are functions of the subsonic velocity for general anisotropic materials,
except for monoclinic materials with the plane of symmetry at x3 = 0, where two elements of matrix0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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dependence of the elements of these four matrices on subsonic velocity for monoclinic materials with
the plane of symmetry at x3 = 0. The material to be analyzed is augite, whose elastic stiﬀnesses are
as follows:Fig. 4.c11 c12 c14 c15 c16
c12 c22 c24 c25 c26
c14 c24 c44 c45 c46
c15 c25 c45 c55 c56
c16 c26 c46 c56 c66
26666664
37777775 ¼
218 72 0 0 25
72 182 0 0 20
0 0 55:8 4 0
0 0 4 69:7 0
25 20 0 0 51:1
26666664
37777775 ðGPaÞ ð4:20Þand its mass density q is taken as q = 3320 (kg m3) (Chadwick and Wilson, 1992). Note that six eigenvalues
pk in Eq. (2.6) are all complex when v = 0, which is known for elastostatics. As v increases from zero, one or
more pairs of eigenvalues pk will become real. The limiting wave speed v^ is deﬁned as the speed at which one
pair of the pk ﬁrst becomes real (Ting, 1996). Therefore, for subsonic speed with v < v^, the six eigenvalues pk
will remain complex. Through numerical calculations, the limiting wave speed corresponding to the material
shown above is obtained as v^ ¼ 3777 ðm=sÞ. The surface wave speed denoted by vR propagating in anisotropic
materials may be determined by the secular equation given by jL(v)j = 0 (Ting, 1996). With the secular equa-
tion corresponding to the present material under consideration, the surface wave speed may be determined
numerically as vR ¼ 0:957v^.
There are ﬁve non-zero elements of matrix L1(v) for monoclinic materials with the plane of symme-
try at x3 = 0. Presented in Fig. 2 are the behaviors of these normalized elements (i.e.,0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Fig. 5. Variations of non-zero elements of X(v) versus the subsonic speed for monoclinic materials with the plane of symmetry at x3 = 0.
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1(v)) versus subsonic speed v. It is observed that the values of these elements are signif-
icantly magniﬁed near the surface wave speed, except for the element (L*1(v))33 which always takes
ﬁnite values for all ranges of subsonic speed, even at surface wave speed. This is due to decoupling
of the anti-plane deformation from the in-plane deformation for monoclinic materials with the plane
of symmetry at x3 = 0, and it is known that no surface wave can survive for the anti-plane problem.
Fig. 3 gives the results of the normalized elements of S*(v)L*1(v) (i.e., S*(v)L*1(v) = c66 S(v)L
1(v))
which correspond to the non-singular terms of the surface displacements. Only one element of
S*(v)L*1(v) survives for the present augite material, i.e.,(S*(v)L*1(v))21. Note that the signiﬁcant mag-
niﬁcation phenomenon near the surface wave speed is again observed. Elements of matrix C(v) determine
the amplitudes of the singular behaviors of the surface stress components. These elements are plotted in
Fig. 4. Note that elements Cnn(v) and Cns(v) correspond to the in-plane deformations, while Cvv(v) cor-
responds to anti-plane deformation. Therefore Cvv(v), which varies slightly with v, again remains ﬁnite
for all ranges of subsonic speed, even at the speed of the surface wave. The elements of matrix X(v)
which are related to the constant term of the surface stress components are shown in Fig. 5. Among
these elements plotted, note again that elements Xns and Xvv both remain constants for all subsonic
speeds, since they are speed independent for monoclinic materials with the plane of symmetry at
x3 = 0, as mentioned before. This observation is far from intuitive expectation.6. Conclusions
Surface responses for displacements and stress components induced by point load or uniform traction mov-
ing steadily with subsonic speed on an anisotropic half-plane boundary are investigated analytically. It is
found that surface displacements are related to matrices L1(v) and S(v)L1(v), while surface stress compo-
J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 45 (2008) 2737–2757 2753nents are related to matrices X(v) and C(v). Matrices L1(v) and C(v) are associated with a singular part of the
surface responses, while matrices S(v)L1(v) and X(v) are associated with non-singular surface responses.
Explicit expressions for these four matrices are given in terms of elastic stiﬀness for general anisotropic mate-
rials. The special cases of monoclinic materials with symmetry plane at x1 = 0, x2 = 0 and x3 = 0 and the case
of orthotropic materials are all deduced. By taking special values for the elements of these four matrices,
results for isotropic materials are recovered. For monoclinic materials with the plane of symmetry at
x3 = 0, two of the elements of matrix X(v) are independent of subsonic speed. These intriguing phenomena
are not expected intuitively.
Appendix A
(I) The explicit expressions of parameters Y 11ðvÞ; Y 22ðvÞ; Y 33ðvÞ; Y 23ðvÞ; bY 12ðvÞ and bY 13ðvÞ appearing in
Eq. (3.11) for monoclinic materials with symmetry plane at x1 = 0 are (Liou and Sung, 2007)Y 11ðvÞ ¼ i½H0 þ k3H1  a13H=DB; Y 22ðvÞ ¼ i½k3p3H2 þ a23WþW2=DB;
Y 33ðvÞ ¼ i½k3p3H3  k3W3 þ a33 þ qv2ðk3a21H3  k3a31W0  a23H3 þ a33W0Þ=DB;
Y 23ðvÞ ¼ Imf½k3p3W0  k3W2 þ a23=DBg; ðA:1ÞbY 12ðvÞ ¼ Ref½k3p3H1 þ a13WþW1  qv2ða22H0  a12W0 þ a23H1  a13H2Þ=DBg;bY 13ðvÞ ¼ Ref½k3p3H0  k3W1 þ a13  qv2ðk3a12W0  k3a22H0 þ a23H0  a13W0Þ=DBg;where DB = 1 + k3(W + p3H) + qv
2(W0 + k3H2  a23H) andaikðpkÞ ¼ ½ji1ðpkÞkkðpkÞ þ ji0ðpkÞ=DðpkÞ ði ¼ 1; 2; 3; k ¼ 1; 2Þ; ðA:2Þ
ai3ðp3Þ ¼ ½ji1ðp3Þ þ ji0ðp3Þk3ðp3Þ=Dðp3Þ ði ¼ 1; 2; 3Þ;
j11ðpkÞ ¼ ðc22c56  c66c24Þpk; ðA:3Þ
j10ðpkÞ ¼ ðc224  c22c44Þp3k þ ðc24c56  c66c44Þpk;
j21ðpkÞ ¼ c66c24p2k  c56c12;
j20ðpkÞ ¼ ðc66c44 þ c12c44  c24c14Þp2k  c56c14 ðk ¼ 1; 2; 3Þ;
j31ðpkÞ ¼ c66c22p2k þ c66c12;
j30ðpkÞ ¼ ðc22c14  c12c24  c66c24Þp2k þ c66c14;
Dk ¼ DðpkÞ ¼ ðc66c22c44  c66c224Þp3k þ ðc66c24c14 þ c12c24c56  c22c56c14  c12c66c44Þpk;where caa ¼ caa  qv2 ða ¼ 1; 5; 6Þ,
H0 ¼ ðc22c56  c66c24ÞK1 þ ðc224  c22c44ÞU3 þ ðc24c56  c66c44ÞU1; ðA:4Þ
H1 ¼ k1k2ðc22c56  c66c24ÞU1 þ ðc224  c22c44ÞP3 þ ðc24c56  c66c44ÞP1;
H2 ¼ k1k2ðc66c24U2  c56c12U0Þ þ ðc66c44 þ c12c44  c24c14ÞP2  c56c14P0;
H3 ¼ c66c22K2 þ c66c12K0 þ ðc22c14  c12c24  c66c24ÞU2 þ c66c14U0;
W0 ¼ c66c24K2  c56c12K0 þ ðc66c44 þ c12c44  c24c14ÞU2  c56c14U0;
W1 ¼ ðc22c56  c66c24Þp1p2K0 þ ðc224  c22c44Þp1p2U2 þ ðc24c56  c66c44Þp1p2U0;
W2 ¼ c66c24p1p2K1  c56c12K4 þ ðc66c44 þ c12c44  c24c14Þp1p2U1  c56c14U4;
W3 ¼ c66c22p1p2K1 þ c66c12K4 þ ðc22c14  c12c24  c66c24Þp1p2U1 þ c66c14U4;
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p2  p1
; W ¼ k1p2  k2p1
p2  p1
; U0 ¼
1
D1
 1D2
	 

ðp2  p1Þ
; ðA:5Þ
U1 ¼
p1
D1
 p2D2
	 

ðp2  p1Þ
; U2 ¼
p2
1
D1
 p22D2
	 

ðp2  p1Þ
; U3 ¼
p3
1
D1
 p32D2
	 

ðp2  p1Þ
; U4 ¼
p2
D1
 p1D2
	 

ðp2  p1Þ
;
K0 ¼
k1
D1
 k2D2
	 

ðp2  p1Þ
; K1 ¼
k1
D1
p1  k2D2 p2
	 

ðp2  p1Þ
; K2 ¼
k1
D1
p21  k2D2 p22
	 

ðp2  p1Þ
; K4 ¼
k1
D1
p2  k2D2 p1
	 

ðp2  p1Þ
;
P0 ¼
k2
D1
 k1D2
	 

ðp2  p1Þ
; P1 ¼
k2
D1
p1  k1D2 p2
	 

ðp2  p1Þ
; P2 ¼
k2
D1
p21  k1D2 p22
	 

ðp2  p1Þ
; P3 ¼
k2
D1
p31  k1D2 p32
	 

ðp2  p1Þ
;andkk ¼ kkðpkÞ ¼ 
bðpkÞ
nðpkÞ
; ðk ¼ 1; 2Þ; k3 ¼ k3ðp3Þ ¼
gðp3Þ
fðp3Þ
; ðA:6Þ
bðpkÞ ¼ ðc56c22c44  c56c224Þp4k þ ðc14c256  c55c66c14Þ þ ½c56c44ðc66  c66Þ ðA:7Þ
þ c55c66c24 þ c14c56c24  c56c44c12 þ c55c24c12  c55c22c14  c24c256p2k ;
nðpkÞ ¼ ðc66c22c44  c66c224Þp4k þ ðc12c256  c12c66c55Þ þ ðc66c22c55  c14c56c22
þ c12c24c56  c12c66c44 þ c66c24c14  c22c256 þ c56c24ðc66  c66ÞÞp2k ;
gðpkÞ ¼ ½c14c22c66  c12c66c24 þ c24c66ðc66  c66Þp3k
þ ½c11c66c24  c11c56c22  c14c66c12 þ c56c212  c12c56ðc66  c66Þpk;
fðpkÞ ¼ ðc66c22c44  c66c224Þp5k þ ½c12c24c56 þ c11c22c44  c14c56c22  c11c224
þ 2c66c24c14 þ 2c12c24c14  2c12c66c44  c44c212  c22c214 þ c44c66ðc66  c66Þp3k
þ ½c66c214  c11c56c24 þ c12c56c14 þ c11c66c44  c14c56ðc66  c66Þpk:(II) Those parameters Y 11ðvÞ; Y 22ðvÞ; Y 33ðvÞ; Y 13ðvÞ; bY 12ðvÞ and bY 23ðvÞ in Eq. (3.12) for monoclinic mate-
rials with symmetry plane at x2 = 0 areY 11ðvÞ ¼ i½H0 þ k3H1  a13H=DB; Y 22ðvÞ ¼ i½k3p3H2 þ a23WþW2=DB; ðA:8Þ
Y 33ðvÞ ¼ i½k3p3H3  k3W3 þ a33 þ qv2ðk3a21H3  k3a31W0  a23H3 þ a33W0Þ=DB;
Y 13ðvÞ ¼ Imf½k3p3H0  k3W1 þ a13  qv2ðk3a12W0  k3a22H0 þ a23H0  a13W0Þ=DBg;bY 12ðvÞ ¼ Ref½k3p3H1 þ a13WþW1  qv2ða22H0  a12W0 þ a23H1  a13H2Þ=DBg;bY 23ðvÞ ¼ Ref½k3p3W0  k3W2 þ a23=DBg;where DB = 1 + k3(W + p3H) + q v
2(W0 + k3H2  a23H) and aik(pk) (i,k = 1,2,3) are deﬁne Eq. (A.2), andj11ðpkÞ ¼ c22c46p2k  c66c25; ðA:9Þ
j10ðpkÞ ¼ c22c44p3k þ ðc25c46  c66c44 þ c246Þpk;
j21ðpkÞ ¼ ðc66c25  c12c46Þpk;
j20ðpkÞ ¼ ðc66c44 þ c12c44  c25c46  c246Þp2k ðk ¼ 1; 2; 3Þ;
j31ðpkÞ ¼ c66c22p2k þ c66c12;
j30ðpkÞ ¼ c22c46p3k þ ½c46ðc66  c66Þ  c12c46pk;
Dk ¼ DðpkÞ ¼ ðc66c44  c246Þc22p3k þ ½ðc246  c44c66Þc12 þ c46c25ðc66  c66Þpk;
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H1 ¼ k1k2ðc22c46U2  c66c25U0Þ  c22c44P3 þ ðc25c46  c66c44 þ c246ÞP1;
H2 ¼ k1k2ðc66c25  c12c46ÞU1 þ ðc66c44 þ c12c44  c25c46  c246ÞP2;
H3 ¼ c66c22K2 þ c66c12K0 þ c22c46U3 þ ½c46ðc66  c66Þ  c12c46U1;
W0 ¼ ðc66c25  c12c46ÞK1 þ ðc66c44 þ c12c44  c25c46  c246ÞU2;
W1 ¼ c22c46p1p2K1  c66c25K4  c22c44p1p2U2 þ ðc25c46  c66c44 þ c246Þp1p2U0;
W2 ¼ ðc66c25  c12c46Þp1p2K0 þ ðc66c44 þ c12c44  c25c46  c246Þp1p2U1;
W3 ¼ c66c22p1p2K1 þ c66c12K4 þ c22c46p1p2U2 þ ½c46ðc66  c66Þ  c12c46p1p2U0;and parameters H, W, Ui (i = 0,1,2,3), Ki (i = 0,1,2,4), and Pi (i = 1,2,3) are deﬁned by Eq. (A.5).kk
(k = 1,2,3) are deﬁned in Eq. (A.6), andbðpkÞ ¼ ðc15c22c44 þ c25c246  c25c44c12  c25c44c66 þ c46c225  c55c22c46Þp3k ðA:11Þ
þ ½c15c44c66 þ c55c12c46  c15c25c46  c15c246  c46c55ðc66  c66Þpk;
nðpkÞ ¼ ðc66c22c44  c22c246Þp4k þ ½c12c25c46 þ c55c22c66  c15c22c46  c12c66c44
þ c12c246  c66c225 þ c25c46ðc66  c66Þp2k þ ðc15c66c25  c12c66c55Þ;
gðpkÞ ¼ ½c46c212  c12c66c25  c11c22c46 þ c15c22c66 þ c25c66ðc66  c66Þ
 c12c46ðc66  c66Þp2k þ ðc11c66c25  c15c12c66Þ;
fðpkÞ ¼ ðc44c22c66  c22c246Þp5k þ ½c12c25c46 þ c11c22c44  2c12c44c66  c15c22c46
þ 2c12c246  c44c212  c246ðc66  c66Þ þ c44c66ðc66  c66Þp3k
þ ½c11c44c66 þ c15c12c46  c11c25c46  c11c246  c15c46ðc66  c66Þpk:(III) The parameters Y11(v), Y22(v), Y33(v), Y12(v) and bY 12ðvÞ appearing in Eq. (3.13) for monoclinic materials
with symmetry plane at x3 = 0 areY 11ðvÞ ¼ i½ðc66U0 þ 2c26U1 þ c22U2Þ=DB;
Y 22ðvÞ ¼ if½c16U4 þ ðp1p2Þððc12 þ c66ÞU0 þ c26U1Þ=DBg; ðA:12Þ
Y 12ðvÞ ¼ Imf½c66U4 þ ðp1p2Þð2c26U0 þ c22U1Þ þ qv2U5=DBg;bY 12ðvÞ ¼ Ref½c66U4 þ ðp1p2Þð2c26U0 þ c22U1Þ þ qv2U5=DBg;
Y 33ðvÞ ¼ ðc44c55  c245Þ1=2;whereDB ¼ 1þ qv2W0; W0 ¼ c26U2 þ ðc12 þ c66ÞU1 þ c16U0;
U0 ¼ 1Dðp1ÞDðp2Þ
fðc22c66  c226Þðp1 þ p2Þ þ ½c16c22  c12c26  c26ðc66  c66Þg;
U1 ¼ 1Dðp1ÞDðp2Þ
½ðc22c66  c226Þðp1p2Þ þ ðc12c66  c16c26Þ; ðA:13Þ
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fðc12c66  c16c26Þðp1 þ p2Þ þ ½c12c26  c16c22 þ c26ðc66  c66Þðp1p2Þg;
U4 ¼ 1Dðp1ÞDðp2Þ
fðc16c26  c12c66Þ þ ðc22c66  c226Þðp21 þ p22 þ p1p2Þ
þ ½c16c22  c12c26  c26ðc66  c66Þðp1 þ p2Þg;
U5 ¼ 1Dðp1ÞDðp2Þ
f½c22ðc12 þ c66Þ  2c26c26p1p2 þ ðc22c16  c66c26Þðp1 þ p2Þ
þ ½2c26c16  c66ðc12 þ c66Þg;
DðpkÞ ¼ ðc22c66  c226Þp2k þ ½c16c22  c12c26  c26ðc66  c66Þpk þ ðc16c26  c12c66Þ:Appendix B
Note that the tractions related to displacement gradients (Ting, 1996)t1 ¼ Qu;1 þ Ru;2 t2 ¼ RTu;1 þ Tu;2 ðB:1Þ
are valid for both elastostatics and elastodynamics. Therefore, substituting Eq. (2.9) into above equation leads toðQ þ qv2IÞ 0
RT I
 
u;1
u;1
" #
¼ R I
T 0
 
u;2
u;2
" #
; ðB:2Þwhich can be further rewritten asu;2
u;2
" #
¼ N1 N2
N3ðvÞ NT1
 
u;1
u;1
" #
; ðB:3ÞwhereN1 ¼ T1RT; N2 ¼ T1; N3ðvÞ ¼ N3 þ qv2I ¼ RT1RT Q þ qv2I : ðB:4a; b; cÞ
In deriving results for Eq. (B.3), the identity:0 T1
I RT1
" #
R I
T 0
 
¼ I 0
0 I
 
ðB:5Þhas been employed. Now substituting Eqs. (2.9) and (B.4c) into the equation corresponding to the second row
of Eq. (B.3), the relationshipt1 ¼ N3u;1 NT1 t2; ðB:6Þ
originally developed for elastostatics is reached again for quasi-static problems.References
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